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Abstrat
Nonloality of two-mode states of light is addressed by means of CHSH inequality based on
displaed on/o photodetetion. Eets due to non-unit quantum eieny and nonzero dark
ounts are taken into aount. Nonloality of both balaned and unbalaned superpositions of
few photon-number states, as well as that of multiphoton twin beams, is investigated. We nd
that unbalaned superpositions show larger nonloality than balaned one when noise aets the
photodetetion proess. De-Gaussiation by means of (inonlusive) photon subtration is shown
to enhane nonloality of twin beams in the low energy regime. We also show that when the
measurement is desribed by a POVM, rather than a set of projetors, the maximum ahievable
value of the Bell parameter in the CHSH inequality is dereased, and is no longer given by the
Cirel'son bound.
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I. INTRODUCTION
Quantum entanglement for both disrete and ontinuous variable systems has been exten-
sively analyzed, also revealing its subtle relations with other quantum mehanial features
suh as nonloality. Indeed, it has been pointed out that the onept of entanglement oin-
ides with nonloality only for the simple ase of bipartite pure states. As soon as we deal
with mixed states, entangled states an be found whih do not show properties of nonlo-
ality while, not unexpetedly, the onverse is always true [1℄. In addition, the amount of
nonloality, i.e., the amount of violation of a suitable Bell inequality, ruially depends on
the nonloality test adopted in the analysis, ranging from no violation to maximal violation
for the same (entangled) quantum state.
In this paper we address nonloality of dierent kinds of two-mode states of light by
means of displaed on/o photodetetion taking into aount the eets of non-unit quan-
tum eieny and dark ounts. This kind of measurement was rst proposed in Ref. [2℄,
where, in partiular, it was pointed out that the orrelation funtions violating the Bell
inequalities (in the ideal ase) involve the joint two-mode Q-funtion. The reason to pay
a partiular attention to on/o tests of nonloality is twofold. On one hand, it has been
shown that violation of Bell inequalities may be quite pronouned for some relevant state
of light in the ideal ase [2℄. On the other hand, and more importantly, on/o tests may be
eetively implemented with urrently tehnology. In this framework, it is of interest to take
into aount the eets of experimental imperfetions, e.g., non-unit quantum eieny and
nonzero dark ounts [6℄, and to investigate the nonloality properties of physially realiz-
able entangled states. Indeed, realisti implementations of quantum information protools
require the investigation of nonloality properties of quantum states in a noisy environment.
In partiular, the robustness of nonloality should be addressed, as well as the design of
protools to preserve and possibly enhane nonloality in the presene of noise.
The paper is strutured as follows: in the next Setion we desribe in some detail the
nonloality test we use throughout the paper, while in Setion III we analyze nonloality of
superpositions, both balaned (Bell states) and unbalaned, involving zero- and one-photon
states. In Setion IV we address the nonloality of superpositions ontaining two-photon
states, whereas Setion V is foused on multiphoton twin-beam state. In Setion VI we
analyze the eet of dark ounts on the violation of CHSH inequality, whereas in Setion VII
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we address inonlusive photon subtration (IPS) as a method to enhane nonloality of twin-
beam. Setion VIII is devoted to a more detailed analysis of the hoie of parametrization
leading to violation of inequalities, whereas, in Setion IX we show how a nonloality test
based on POVM measurement annot yield the maximal violation of inequalities expressed
by the Cirel'son bound. Finally, Setion X loses the paper with some onluding remarks.
II. CORRELATION FUNCTIONS AND BELL PARAMETER
The nonloality test we are going to analyze is shematially depited in Fig. 1: two modes
of the radiation eld, a and b, are exited in a given (entangled) two-mode state desribed
by the density matrix ̺, and then are loally displaed by an amount α and β respetively.
Finally, the two modes are revealed by on/o photodetetors, i.e., detetors whih have
no output when no photon is deteted and a xed output when one or more photons are
deteted. The ation of an on/o detetor is desribed by the following two-value positive
operator-valued measure (POVM) {Π0,η,D,Π1,η,D} [3℄
Π0,η,D =
1
1 +D
∞∑
k=0
(
1− η
1 +D
)k
|k〉〈k| , (1a)
Π1,η,D = I− Π0,η,D , (1b)
η being the quantum eieny and D the mean number of dark ounts, i.e., of liks with
vauum input. In writing Eq. (1) we have onsidered a thermal bakground as the origin
of dark ounts. An analogous expression may be written for a Poissonian bakground (see
Appendix A). For small values of the mean numberD of dark ounts (as it generally happens
at optial frequenies) the two kinds of bakground are indistinguishable.
Overall, taking into aount the displaement, the measurement on both modes a and b
is desribed by the POVM (we are assuming the same quantum eieny and dark ounts
for both the photodetetors)
Π
(η,D)
hk (α, β) = Π
(η,D)
h (α) ⊗ Π(η,D)k (β) , (2)
where h, k = 0, 1, and Π
(η,D)
h (z) ≡ D(z) Πh,η,DD†(z), D(z) = exp
{
za† − z∗a} being the
displaement operator and z ∈ C a omplex parameter.
In order to analyze the nonloality of the state ̺, we introdue the following orrelation
3
funtion:
Eη,D(α, β) =
1∑
h,k=0
(−)h+k
〈
Π
(η,D)
hk (α, β)
〉
(3)
= 1 + 4 Iη,D(α, β)− 2 [Gη,D(α) + Yη,D(β)] ,
where
Iη,D(α, β) =
〈
Π
(η,D)
00 (α, β)
〉
(4a)
Gη,D(α) =
〈
Π
(η,D)
0 (α)⊗ I
〉
(4b)
Yη,D(β) =
〈
I⊗ Π(η,D)0 (β)
〉
, (4)
and where 〈A〉 ≡ Tr[̺A] denotes ensemble average on both the modes. The so-alled
Bell parameter is dened by onsidering four dierent values of the omplex displaement
parameters as follows
Bη,D = Eη,D(α, β) + Eη,D(α′, β) + Eη,D(α, β ′)
−Eη,D(α′, β ′) (5)
= 2 + 4 {Iη,D(α, β) + Iη,D(α′, β) + Iη,D(α, β ′)
−Iη,D(α′, β ′)− Gη,D(α)−Yη,D(β)} . (6)
Any loal theory implies that |Bη,D| satises the CHSH version of the Bell inequality, i.e.,
|Bη,D| ≤ 2 ∀α, α′, β, β ′ [4℄, while quantum mehanial desription of the same kind of exper-
iments does not impose this bound (see Setion IX for more details on quantum-mehanial
bounds on |Bη,D| in on/o experiments).
Notie that using Eqs. (1) and (4) we obtain the following saling properties for the
funtions Iη,D(α, β), Gη,D(α) and Yη,D(β)
Iη,D(α, β) =
(
1
1 +D
)2
Iη/(1+D)(α, β) (7a)
Gη,D(α) = 1
1 +D
Gη/(1+D)(α) (7b)
Yη,D(β) = 1
1 +D
Yη/(1+D)(β) (7)
where Iη = Iη,0, Gη = Gη,0, and Yη = Yη,0. Therefore, it will be enough to study the Bell
parameter for D = 0, namely Bη = Bη,0, and then we an use Eqs. (7) to take into aount
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the eets of non negligible dark ounts. From now on we will assume D = 0 and suppress
the expliit dependene on D. Notie that using expression (6) for the Bell parameter the
CHSH inequality |Bη,D| ≤ 2 an be rewritten as
−1 < Iη,D(α, β) + Iη,D(α′, β) + Iη,D(α, β ′)
− Iη,D(α′, β ′)− Gη,D(α)− Yη,D(β) < 0 , (8)
whih represents the CH version of the Bell inequality for our system [5℄.
In order to simplify the alulations, throughout this paper we will use the Wigner for-
malism. The Wigner funtions assoiated with the elements of the POVM (1) for D = 0 are
given by (see Appendix A)
W [Π0,η](z) =
∆η
πη
exp
{−∆η |z|2} , (9)
W [Π1,η](z) = W [I](z)−W [Π0,η](z) , (10)
with ∆η = 2η/(2− η), and W [I](z) = π−1. Then, notiing that for any operator O one has
W [D(α)OD†(α)](z) = W [O](z − α) , (11)
it follows that W [D(α) Π0,ηD
†(α)](z) is given by
W [D(α) Π0,ηD
†(α)](z) = W [Π0,η](z − α) , (12)
and therefore
W [Π
(η,0)
00 (α, β)](z, w) =W [Π0,η](z − α)
×W [Π0,η](w − β) (13)
W [Π0,η(α)⊗ I](z, w) =W [Π0,η](z − α) π−1 (14)
W [I⊗ Π0,η(β)](z, w) = π−1 W [Π0,η](w − β) . (15)
Finally, thanks to the trae rule expressed in the phase spae of two modes, i.e.,
Tr[O1O2] = π
2
∫
C2
d2z d2wW [O1](z, w)W [O2](z, w) , (16)
one an evaluate the funtions Iη(α, β), Gη(α), and Yη(β), and in turn the Bell parameter
Bη in Eq. (6), as a sum of Gaussian integrals in the omplex plane.
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III. NONLOCALITY OF THE BELL STATES
We start our analysis by onsidering balaned superpositions of of zero- and one-photon
states, i.e., the so-alled Bell states, whih are desribed by the density matries
̺± = |Ψ±〉〈Ψ±| , σ± = |Φ±〉〈Φ±| (17)
where
|Ψ±〉 = 1√
2
(|1〉|0〉 ± |0〉|1〉) , (18)
|Φ±〉 = 1√
2
(|0〉|0〉 ± |1〉|1〉) . (19)
In optial implementations Bell states |Ψ±〉 are obtained from single-photon soures using
linear optial elements, while preparation of |Φ±〉 requires ative devies based on sponta-
neous parametri down-onversion.
The Wigner funtions of the Bell states are given by
W [̺±](z, w) =
4
π2
exp
{−2|z|2 − 2|w|2}
× (2 |z ∓ w|2 − 1) , (20)
and
W [σ±](z, w) =
4
π2
exp
{−2|z|2 − 2|w|2}
× (1− 2 |z ∓ w|2 + 8 |z|2|w|2) , (21)
respetively.
Let us rst onsider ̺±. In this ase the funtions in Eqs. (4) are given by
Iη(α, β) = 1
2
e−η(|α|
2−|β|2)
[
2(1− η) + η2|α∓ β|2] (22)
Gη(α) = Yη(α) = 1
2
e−η|α|
2 [
2− η + η2|α|2] , (23)
while the Bell's parameter is obtained using Eq. (6). Maximization of |Bη|, arried out using
both analytial and numerial methods, indiates that the imaginary parts of the parameters
α, α′, β, β ′ an be negleted for η = 1, while it inuenes only slightly the value of |Bη| for
η < 1. More details about the hoie of the parametrization are given in Se. VIII. Using the
parameterizations: α = −β = J , α′ = −β ′ = −√11J for the state |Ψ+〉, and α = β = J ,
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α′ = β ′ = −√11J for the state |Ψ−〉 with J ∈ R we get the same Bell's parameter for both
the states and a maximum violation |B| = 2.68 (when η = 1). The Bell's parameter for ̺±
is shown in Fig. 2 (a) as a funtion of J and η.
If we onsider σ±, we have
Iη(α, β) =1
2
e−η(|α|
2+|β|2)
{
2(1− η) + η2[1 + |α± β∗|2
+ (1− η|α|2)(1− η|β|2)]} , (24)
whereas Gη(α) and Yη(β) are given in Eq. (23). As for the states |Ψ±〉, the optimal
parametrization has been obtained by a semi-analytial analysis. We get α = −β = J ,
α′ = −β ′ = −√11J for the state |Φ+〉, and α = β = J , α′ = β ′ = −
√
11J for the state
|Φ−〉 (see Se. VIII for more details). Thanks to this hoie, Bη is maximized (when η = 1)
for both the Bell states σ±. The results are shown in Fig. 2 (b).
The overall eet of non-unit quantum eieny is to redue the interval of J values in
whih there is violation. Notie that the states |Φ±〉 are slightly more robust than the |Ψ±〉
one. In fat, one has |Bη| ≤ 2. as far as η falls below 83.6% for |Ψ±〉 and 81.6% for |Φ±〉.
These results are onsistent with the study given in Ref. [6℄, where the authors also have
taken into aount mode mismath and have used a numerial algorithm in order to nd the
best hoie of the parameters α, β, α′, and β ′.
A. Unbalaned superpositions
Our analysis of on-o photodetetion is aimed to desribe optial implementations of
nonloality tests, where most of the experiments have been realized. In this framework the
Bell states |Ψ±〉 may be obtained from single-photon soures using balaned beam-splitters.
In order to take into aount possible imperfetions it is worth to analyze nonloality prop-
erties of the lass of states that an be obtained from unbalaned beam splitters. Indeed,
the analysis given above an be extended in order to desribe general superpositions of the
form
|Ψϕ〉 = sinϕ|1〉|0〉+ cosϕ|0〉|1〉 , (25)
|Φϕ〉 = sinϕ|0〉|0〉+ cosϕ|1〉|1〉 . (26)
Sine the alulations are similar to the ones of the Bell states, here we do not expliitly
write the analytial results for the states |Ψϕ〉 and |Φϕ〉. Rather, we plot the orresponding
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Bell parameter Bη in Figs. 3 and 4. In both the plots we used the same parametrization as
for the Bell states. As one an see in Fig. 3, in the ase of the superposition |Ψϕ〉 the best
result are obtained for the balaned superposition, namely ϕ = π/4. On the other hand,
the ase of |Φϕ〉 shows a dierent behavior: here the maximum of the violation for the ideal
ase (i. e. η = 1) is ahieved for a value of ϕ slightly smaller than π/4, and it inreases
as the detetion eieny dereases. Moreover, by the omparison between Fig. 2 (b) and
Fig. 3, we an see that, for the partiular hoie of the parametrization, when η = 0.8
the balaned superposition does not violates the CHSH inequality, whereas, adjusting the
parameter ϕ, the unbalaned superposition violates it and it does until the eieny falls
below the threshold value η ≈ 0.74.
IV. NONLOCALITY OF SUPERPOSITIONS CONTAINING TWO-PHOTON
STATES
A two-photon state whih an be easily produed is the one obtained when two single-
photon states impinge simultaneously in a balaned beam splitter: in this ase the output
state is given by
|Ω〉 = 1√
2
(|2〉|0〉+ |0〉|2〉) (27)
and the orresponding Wigner funtion reads as follows:
W [Ω](z, w) =
4
π2
exp
{−2|z|2 − 2|w|2}
×
[
1− 4
(
|z|2 + |w|2 − ∣∣z2 − w∗2∣∣2)] , (28)
Now, the funtions dened in Eqs. (4) are given by
Iη(α, β) =e−η(|α|2−|β|2)
×
{
(1− η)[1− η + η2(|α|2 + |β|2)]
− η
4
4
∣∣α2 − β∗2∣∣2} , (29)
Gη(α) =Yη(α) = e−η|α|2
[
1− η + η
2
2
+ η2(1− η)|α|2 + η
4
4
|α|4
]
. (30)
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The parametrization whih maximizes the violation of the inequality |Bη| ≤ 2 is α = β = 0
and α′ = β ′∗ =
√
2 eipi/4J and, as for the Bell states, has been obtained by means of a semi-
analytial analysis. As it is apparent from Fig. 5, in this ase the violation is quite smaller
than the previous ones: the maximum violation Bη = −2.07 is ahieved when J = 0.45 and
η = 1. Also the threshold for violation on the quantum eieny is higher: for η < 92% we
have |Bη| < 2.
V. NONLOCALITY OF THE TWIN BEAM
The twin-beam state (TWB) of radiation
|r〉 = 1√
cosh r
∞∑
n=0
tanhn r |n〉 ⊗ |n〉
may be produed by spontaneous downonversion in a nonlinear rystal. TWB is desribed
by the Wigner funtion
Wr(z, w) =
4
π2
exp{−2A(|z|2 + |w|2)
+ 2B(zw + z∗w∗)} , (31)
with A ≡ A(r) = cosh(2r) and B ≡ B(r) = sinh(2r), r being the so-alled squeezing
parameter of the TWB. Sine Wr and the Wigner funtions of the POVM (2) are Gaussian,
it is quite simple to evaluate Iη(α, β), Gη(α), and Yη(β) of the orrelation funtion (3) and,
then, Bη; we have
Iη(α, β) = 4Mη(r)
η2
exp
{−F˜η (|α|2 + |β|2)
+ H˜η (αβ + α
∗β∗)
}
(32)
with
F˜η ≡ F˜η(r) = ∆η − (2A+∆η)Mη(r) (33)
H˜η ≡ H˜η(r) = 2BMη(r) (34)
Mη(r) =
∆2η
4(A2 −B2) + 4A∆η +∆2η
, (35)
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and
Gη(α) =Yη(α) = 2∆η
2(A2 −B2) + A∆η
× exp
{
− 2∆η
2(A2 − B2) + A∆η |α|
2
}
(36)
In order to study Eq. (6), we onsider the parametrization α = −β = J and α′ =
−β ′ = −√11J (as in the ase of the Bell states, more details are given in Se. VIII). The
parametrization was hosen after a semi-analytial analysis and maximizes the violation of
the Bell's inequality (for η = 1). In Fig. 6 we plot Bη for η = 1: as one an see the inequality
|Bη| ≤ 2 is violated for a wide range of parameters, and the maximum violation (Bη = 2.45)
is ahieved when J = 0.16 and r = 0.74.
The eet of non-unit eieny in the detetion stage is to redue the the violation; this
is shown in Fig. 7, where we plot Bη as a funtion of J with r = 0.74 for dierent values
of the quantum eieny. Note that though the violation in the ideal ase, i.e., η = 1, is
smaller than for the Bell states, the TWBs are more robust when one takes into aount
non-unit quantum eieny. Comparison between Figs. 2 and 7 shows that for η = 0.8 we
have a region of J values for whih Bη > 2 in the ase of the TWB, whereas there is no
violation for the Bell states. Our parametrization maximize the violation when η = 1: in
this way |Bη| ≤ 2 when η < 0.77 and r = 0.74. Using dierent values of α, β, α′, and β ′
(whih, now, depend on η and the squeezing parameter r), one an extend the violation to
lower detetion eieny [6℄. In Se. VIII we will draw some remark about the hoie of the
parametrization.
VI. EFFECT OF DARK COUNTS
In the previous Setions we studied the nonloality of Bell-like states and of the TWB. We
took into aount the quantum eieny η and ignored the eets of dark ounts: this is a
quite good approximation, sine, at optial frequenies, dark ounts may often be negleted.
However, there are situations in whih the eet of dark ounts annot be ignored. In this
ases, we an add to our analysis the eet of the dark ounts using Eqs. (7). In Fig. 8 we
plot Bη,D for the Bell states |Φ±〉 and the TWB: as on may expet, the violation is redued.
When the number of dark ounts is small we an expand the POVMs (1) and (2) up to
10
rst order, arriving at
Π
(η,D)
0 (α) = (1−D − ηD∂η)Π(η,0)0 (α) (37)
Π
(η,D)
00 (α, β) = (1− 2D − ηD∂η)Π(η,0)0 (α, β) . (38)
Now, using Eq. (38) one an express the orrelation funtions in two equivalent forms as
follows
Eη,D(α, β) = (1− 2D − ηD∂η)Eη,0(α, β)
+ 2D [Gη,0(α) + Yη,0(β)] (39)
= (1−D − ηD∂η)Eη,0(α, β)
− 4DIη,0(α, β) , (40)
whih, in turn, an be used to express the Bell parameter, as follows
Bη,D = (1− 2D − ηD∂η)Bη,0(α, β)
+ 4D [Gη,0(α) + Yη,0(β)] . (41)
VII. NONLOCALITY OF THE DE-GAUSSIFIED TWIN BEAM
The de-Gaussiation of a TWB an be ahieved by subtrating photons from both modes
[7, 8, 9℄. In Ref. [7℄ we referred to this proess as to inonlusive photon subtration (IPS)
and showed that the resulting state, the IPS state, an be used to enhane the teleportation
delity of oherent states for a wide range of the experimental parameters. Moreover, in
Ref. [12℄, we have shown that, in the absene of any noise during the transmission stage,
the IPS state has nonloal orrelations larger than those of the TWB irrespetive of the IPS
quantum eieny (see also Refs. [10, 11℄).
First of all we briey reall the IPS proess, whose sheme is skethed in Fig. 9. The
two modes, a and b, of the TWB are mixed with the vauum (modes c and d, respetively)
at two unbalaned beam splitters (BS) with equal transmissivity; the modes c and d are
then deteted by avalanhe photodetetors (APDs) with equal eieny, whih an only
disriminate the presene of radiation from the vauum: the IPS state is obtained when the
two detetors jointly lik. When the input state, namely the state arriving at the two beam
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splitters, is the TWB of Eq. (31), the state produed by the IPS proess reads as follows
(see Ref. [12℄ for details)
W
(IPS)
r,T,ε (z, w) =
4
π2 p11(r, T, ε)
4∑
k=1
CkW (k)r,T,ε(z, w) , (42)
where
p11(r, T, ε) =
4∑
k=1
Ck
FkGk −H2k
(43)
is the probability of a lik in both the APDs. In Eqs. (42) and (43) we introdued
Ck ≡ Ck(r, T, ε) = 4Ck
xkyk − 4B2(1− T )2 , (44)
and dened
W
(k)
r,T,ε(z, w) = exp{−Fk|z|2 −Gk|w|2
+Hk(zw + z
∗w∗)} , (45)
where Fk = (b− fk), Gk = (b− gk), Hk = (2BT + hk), Ck ≡ Ck(ε) with C1 = 1, C2 = C3 =
−2(2− ε)−1, C4 = 4(2− ε)−2; xk ≡ xk(r, T, ε) and yk ≡ yk(r, T, ε) are
x1 = x3 = y1 = y2 = a
x2 = x4 = y3 = y4 = a+ 2ε(2− ε)−1
with a ≡ a(r, T ) = 2[A(1 − T ) + T ], b ≡ b(r, T ) = 2[AT + (1 − T )]; nally, fk, gk, and hk
depend on r, T and ε and are given by
fk = Nk [xkB2
+ 4B2(1− A)(1− T ) + yk(1− A)2] , (46)
gk = Nk [xk(1−A)2
+ 4B2(1− A)(1− T ) + ykB2] , (47)
hk = Nk {(xk + yk)B(1− A)
+ 2B[B2 + (1−A)2](1− T )} , (48)
Nk ≡ Nk(r, T, ε) = 4T (1− T )
xkyk − 4B2(1− T )2 . (49)
The state given in Eq. (42) is no longer a Gaussian state and, in the following, we will use
the measurement desribed above in order to test its nonloality. Nonloal properties of the
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IPS state (42) have been investigated in Refs. [12, 13℄ by means of other kinds of nonloality
tests. In partiular, Ref. [13℄ addressed the presene of noise during the propagation and
detetion stages, showing that the IPS proess onto TWBs is a quite robust method to
enhane their nonloal orrelations espeially in the low energy (i.e., small r) regime.
In the ase of the state (42), the orrelation funtion (3) reads (for the sake of simpliity
we do not write expliitly the dependene on r, T and ε)
Eη(α, β) =
1
p11(r, T, ε)
4∑
k=1
Ck
{
1 + 4 I(k)η (α, β)
− 2[G(k)η (α) + Y (k)η (β)]} , (50)
where
I(k)η (α, β) =
4M(k)η (r, T, ε)
η2
exp
{− G˜(k)η |α|2
− F˜ (k)η |β|2 + H˜(k)η (αβ + α∗β∗)
}
, (51)
with F˜
(k)
η ≡ F˜ (k)η (r, T, ε), G˜(k)η ≡ G˜(k)η (r, T, ε), and H˜(k)η ≡ H˜(k)η (r, T, ε) given by
F˜ (k)η = ∆η − (Fk +∆η)M(k)η (r, T, ε) , (52)
G˜(k)η = ∆η − (Gk +∆η)M(k)η (r, T, ε) , (53)
H˜(k)η = HkM(k)η (r, T, ε) , (54)
M(k)η (r, T, ε) =
∆2η
(Fk +∆η)(Gk +∆η)−H2k
, (55)
respetively, and
G(k)η (α) =
4∆η
[Gk (Fk +∆η)−H2k ] η
× exp
{
− (FkGk −H
2
k)∆η
Gk (Fk +∆η)−H2k
|α|2
}
, (56)
Y (k)η (β) =
4∆η
[Fk (Gk +∆η)−H2k ] η
× exp
{
− (FkGk −H
2
k)∆η
Fk (Gk +∆η)−H2k
|β|2
}
. (57)
In order to investigate the nonloality of the IPS by means of Eq. (6), we hoose the same
parametrization as in Se. V. The results are showed in Figs. 10 and 11 for η = 1 and ε = 1:
we an see that the IPS enhanes the violation of the inequality |Bη| ≤ 2 for small values
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of r (see also Refs. [7, 12, 13℄). Moreover, as one may expet, the maximum of violation is
ahieved as T → 1, whereas dereasing the eetive transmission of the IPS proess, one
has that the inequality beomes satised for all the values of r, as we an see in Fig. 11 for
τ = 0.8.
In Fig. 12 we plot Bη for the IPS with T = 0.9999, ε = 1 and dierent η. As for the
TWB, we an have violation of the Bell's inequality also for detetion eienies near to
80%. As for the Bell states and the TWB, a η- and r-dependent hoie of the parameters
in Eq. (6) an improve this result. The eet on a non-unit ε is studied in Fig. 13, where
we plot Bη as a funtion of T and ε and xed values of the other involved parameters. We
an see that the main eet on the Bell parameter is due to the transmissivity T .
The presene of dark ounts at the detetion stage an be taken into aount using
Eqs. (7): sine the results are similar to those of the Bells states and the TWB presented in
Se. VI, we do not report them expliitly.
VIII. CHOICE OF THE PARAMETRIZATION
In this Setion we draw some remark about the hoie of the parametrization used in
the investigation of the Bell parameter Bη. Numerial analysis has shown that, in the ase
of state |Ψ+〉 and in the presene of non-unit quantum eieny, the maximal violation of
the Bell's inequality for the displaed on/o test is ahieved by hoosing α, α′, β, and β ′
as omplex parameters [6℄. On the other hand, here we addressed only real parametrization
for the Bell's parameter B given in Eq. (6), and, in partiular, we take α = −β = J ∈ R,
and α′ = −β ′ = J ′ ∈ R for the states |Ψ+〉, |Φ+〉, the TWB and the IPS state, while we
put α = β = J ∈ R and α′ = β ′ = J ′ ∈ R for the states |Ψ−〉 and |Φ−〉. In Fig. 14 we plot
|Bη| as a funtion of J and J ′ in the ideal ase (i.e., η = 1) for (a) the states |Ψ±〉 and (b)
the TWB with r = 0.74, whih maximizes the violation. The results for the other states are
similar. In both the plots, the darker is the region, the bigger is the violation (the white
region refers to |Bη| ≤ 2). As one an see, there is a symmetry with respet to the origin,
whih implies that the best parametrization has the form J ′ = −κJ , with κ ∈ R, κ > 0.
Furthermore, for all the onsidered states, the numerial analysis shows that a good hoie
for κ is κ =
√
11, whih is an approximation of the atual value.
In Fig. 15 the eet of η is taken into aount: Sine the results for the Bell's states,
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the TWB and the IPS state are similar, we only address the TWB ase: there is still the
symmetry with respet to the origin, but a thorough numerial investigation shows that the
maximum of Bη, and, then, κ depend on both η and r.
Notie that we have onsidered real values for the parameters. It an be shown numeri-
ally [6℄ that for dereasing η a omplex parametrization leads to a slight improvement.
IX. BELL'S INEQUALITY, POVMS AND MAXIMUM VIOLATION
In this Setion we address the maximal violation of the Bell inequality that is ahievable
by using non-projetive measurements.
Let us onsider two systems, A and B, and the generi POVM {Π0(ζ),Π1(ζ)}, depending
on the omplex parameter ζ , suh that Π1(ζ) = I− Π0(ζ). We dene the observables
Ok(ζ) = Π1(ζ)−Π0(ζ) = I− 2Π0(ζ) (58)
ating on system k = A,B, respetively (we are using the same POVM for both the systems).
Furthermore, we assume that OA(ζ) and OB(ζ) have spetra inluded in the interval [−1,+1]
[14℄. Now we introdue the Bell operator [4℄
B =OA(α)⊗ OB(β) + OA(α′)⊗OB(β)
+ OA(α)⊗ OB(β ′)−OA(α′)⊗ OB(β ′) , (59)
whih has the property [14℄
B ≤ 1√
2
[
O
2
A
(α)⊗ I+ I⊗ O2
B
(β)
+ O2
A
(α′)⊗ I+ I⊗ O2
B
(β ′)
]
. (60)
If Π1(ζ) and Π0(ζ) are projetors on orthogonal subspaes, namely Π
2
1(ζ) = Π1(ζ), Π
2
0(ζ) =
Π0(ζ) and Π0(ζ) Π1(ζ) = 0, then
O
2
A
(ζ) = O2
B
(ξ) = I , (61)
and Eq. (60) leads to
B ≤ 2
√
2 , (62)
where B = Tr[̺B], ̺ being the state of the system, is the Bell parameter. The bound 2√2
is usually known as Cirel'son bound and is the maximum violation ahievable in the ase of
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a bipartite quantum system [14℄. Eq. (62) may be also derived in a dierent [15, 16℄: sine
the squared Bell operator reads
B
2 = 4I+ [OA(α),OA(α
′)]⊗ [OB(β),OB(β ′)] , (63)
then using the relation ||[A,B]|| ≤ 2||A|| ||B||, where ||A|| = Sup|ψ〉||A|ψ〉||, we have B2 ≤ 8,
from whih Eq. (62) follows.
On the other hand, when {Π0(ζ),Π1(ζ)} is not a projetive measurement a dierent
inequality should be derived. First of all we note that the observables Ok(ζ) orresponding
to the POVM given in Eq. (1) satisfy the hypothesis of the Cirel'son theorem. In fat, in
this ase
Ok(ζ) =
∞∑
n=0
[1− 2(1− η)n]D(ζ)|n〉〈n|D†(ζ) (64)
and its spetrum {λn}, λn = 1− 2(1− η)n, lies in the interval [−1,+1] for 0 ≤ η ≤ 1 (when
η = 1 the spetrum redues to the two points {−1,+1}). Now, one has
O
2
A
(ζ) = I− 4Π0(ζ) Π1(ζ) = I− 4 [Π0(ζ)− Π20(ζ)]
= I− 4 EA(ζ) , (65)
and, analogously, O
2
B
(ξ) = I− 4 EB(ξ), where we dened the operator
Ek(ζ) = Π0(ζ)− Π20(ζ) , (66)
k = A,B. In this way, from Eq. (60) follows
B ≤ 2
√
2
{
I− [EA(α) + EB(β) + EA(α′) + EB(β ′)]
}
, (67)
with EA(ζ) ≡ EA(ζ)⊗ I and EB(ξ) ≡ I⊗ EB(ξ). Finally we get
B ≤ B(max)(α, β, α′, β ′) , (68)
where we dened
B(max) ≡ B(max)(α, β, α′, β ′) (69)
= 2
√
2
{
1− [EA(α) + EB(β)
+ EA(α′) + EB(β ′)]
}
(70)
and EA(ζ) = Tr[EA(ζ)⊗ I] and EB(ξ) = Tr[I ⊗ EB(ξ)]. Now, sine Ek ≥ 0, k = A,B, one has
that the bound of the Bell parameter is smaller than the limit 2
√
2, obtained in the ase of
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projetive measurements. Notie that the new bound depends on the parameters α, β, α′,
and β ′ of the measurement and on the state under investigation itself.
In the following we address the problem of evaluating the maximum violation for the Bell
states, the TWB and the IPS state when a non-unit eieny aets the displaed on/o
photodetetion. First of all we note that
Π20,η =
∞∑
k=0
(1− η)2k|k〉〈k| = Π0,η(2−η) , (71)
so that
EA(ζ) = Gη(ζ)− Gη(2−η)(ζ) (72)
EB(ξ) = Yη(ζ)−Yη(2−η)(ξ) . (73)
In this way it is straightforward to evaluate B(max)η for the Bell states, the TWB and the IPS
state. The results are shown in the Figs. 1621: in Figs. 17, 19, and 21 we plot B(max)η using
the parametrization α = β = J and α′ = β ′ = √11J , whih maximizes the Bell parameter
Bη. It is worth notiing that for all the onsidered states and for xed J the limit B(max)η
is never reahed; on the other hand, even if the atual maximum violation, i.e., Bη,max, is
quite lower than the Cirel'son bound 2
√
2, it is relatively near to the new bound given by
Eq. (68).
Notie that a similar analysis may be performed through the squared Bell operator, whih
for O
2
k
(ζ) 6= I is given by
B
2 =
(
O
2
A
(α) + O2
A
(α′)
)⊗ (O2
B
(β) + O2
B
(β ′)
)
+
(
O
2
A
(α)− O2
A
(α′)
)⊗ [OB(β),OB(β ′)]+
− [OA(α),OA(α′)]+ ⊗
(
O
2
B
(β)− O2
B
(β ′)
)
+ [OA(α),OA(α
′)]⊗ [OB(β) + OB(β ′)] , (74)
[A,B]+ = AB + BA being the anti-ommutator. As for Eq. (68), the maximum value of
Eq. (74) depends on the state under investigation and on the POVM itself.
X. CONCLUDING REMARKS
We have analyzed in details the nonloality of several two-mode (entangled) states of light
by using a test based on displaed on/o photodetetion. Nonloality has been quantied
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through violation of CHSH inequality for the Bell's parameter. Eets due to non-unit
quantum eieny and nonzero dark ounts have been taken into aount. We found that
unbalaned superpositions show larger nonloality than balaned one when noise aets
the photodetetion proess, and that twin-beam nonloality is more robust than that of
superpositions of few photon-number states. De-Gaussiation by means of (inonlusive)
photon subtration is shown to enhane nonloality of twin beams in the low energy regime.
We have also shown that, sine our measurement is desribed by a POVM rather than a
set of projetors, the maximum violation the CHSH inequality annot saturate the Cirel'son
bound. A novel state-dependent bound has been derived.
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APPENDIX A: NOISY ON/OFF PHOTODETECTION
The ation of an on/o detetor in the ideal ase is desribed by the two-value POVM
{Π0 = |0〉〈0|,Π1 = I−Π0}, whih represents a partition of the Hilbert spae of the signal. In
the realisti ase the performanes of on/o photodetetors are degraded by two eets. On
one hand, one has non-unit quantum eieny, i.e., the loss of a portions of the inoming
photons, and, on the other hand, there is also the presene of dark-ount, i.e., by "liks"
that do not orrespond to any inoming photon. In order to take into aount both these
eets we use a simple sheme desribed in the following.
A real photodetetor is modeled as an ideal photodetetor (unit quantum eieny, no
dark-ount) preeded by a beam splitter (of transmissivity equal to the quantum eieny
η) whose seond port is in an auxiliary exited state ν, whih an be a thermal state, or
a phase-averaged oherent state, depending on the kind of bakground noise (thermal or
Poissonian). If the seond port of the beam splitter is the vauum ν = |0〉〈0| we have no
dark-ount; for the seond port of the BS exited in a generi mixture ν =
∑
s νss|s〉〈s| the
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POVM for the on/o photodetetion is given by (Π1 = I− Π0)
Π0 =
∞∑
n=0
(1− η)n
∞∑
s=0
νss η
s
(
n+ s
s
)
|n〉〈n| . (A1)
The density matries of a thermal state and a phase-averaged oherent state (with M mean
photons) are given by
ν
T
=
1
M + 1
∑
s
(
M
M + 1
)s
|s〉〈s| (A2)
ν
P
= e−M
∑
s
Ms
s!
|s〉〈s| . (A3)
In order to reprodue a bakground noise with mean photon number D we onsider the state
ν with average photon number M = D/(1− η).
In this ase we have
ΠT0,η,D =
1
1 +D
∑
n
(
1− η
1 +D
)n
|n〉〈n| (A4)
ΠP0,η,D = e
−D
∑
n
[
(1− η)n Ln
(
−D η
1− η
)]
|n〉〈n| , (A5)
where T and P denotes thermal and Poissonian respetively, and Ln(x) is the Laguerre poly-
nomial of order n. The orresponding Wigner funtions are given by
W [ΠT0,η,D](α) =
1
π
2
2(1 +D)− η exp
{
− 2η
2(1 +D)− η |α|
2
}
, (A6)
W [ΠP0,η,D](α) =
1
π
2
2− η exp
{
− 2η
2− η (D + |α|
2)
}
I0
(
4|α|√ηD
2− η
)
, (A7)
respetively, where I0(x) is the 0-th modied Bessel funtion of the rst kind. For small D
the POVMs oinide up to rst order, as well as the orresponding Wigner funtions.
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a 
b 
̺
Db β( )
Da α( )
,
,DEη α β( )
, Dη
, Dη
FIG. 1: Sheme of the nonloality test based on displaed on/o photodetetion: the two modes a
and b of a bipartite state ̺ are loally displaed by an amount α and β respetively, and then revealed
through on/o photodetetion. The orresponding orrelation funtion violates Bell's inequalities
for dihotomous measurements for a suitable hoie of the parameters α and β, depending on the
kind of state under investigation. The violation holds also for non-unit quantum eieny and
non-zero dark ounts.
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FIG. 2: Plot of −Bη for the states |Ψ±〉 (a) and of Bη for |Φ±〉 (b) as funtions of J and η. The
maximum violations for η = 1 are: (a) −Bη = 2.69, and (b) Bη = 2.68, whih are both obtained
when J = 0.17. For the partiular hoie of the parametrizations Bη is the same for |Ψ±〉 and for
|Φ±〉.
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FIG. 3: Plot of −Bη: (a) for |Ψϕ〉 as a funtion of J and ϕ in the ase of ideal (i.e., η = 1) on/o
photodetetion; (b) for J = 0.17 and dierent values of η: from bottom to top η = 1.0, 0.9, 0.85,
and 0.8. The vertial line is ϕ = π/4.
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FIG. 4: Plot of Bη: (a) for |Φϕ〉 as a funtion of J and ϕ in the ase of ideal (i.e., η = 1) on/o
photodetetion; (b) for J = 0.17 and dierent values of η: from top to bottom η = 1.0, 0.9, 0.85,
0.8, and 0.75. The vertial line is ϕ = π/4.
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FIG. 5: Plot of −Bη for the superposition of two photons as a funtion of J and η. The maximum
violation is −Bη = 2.07, whih is obtained when J = 0.45 and η = 1.
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FIG. 6: Plot of Bη for a TWB as a funtion of J and the TWB squeezing parameter r in the ase
of ideal (i.e., η = 1) on/o photodetetion. The maximum violation is Bη = 2.45, whih is obtained
when J = 0.16 and r = 0.74.
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FIG. 7: Plot of Bη for a TWB as a funtion of J with r = 0.74 for dierent values of η: from top
to bottom η = 1.0, 0.9, 0.85, and 0.80.
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FIG. 8: Plot of Bη,D(α, β, α′, β′) for the Bell states |Φ±〉 (upper plot) and the TWB (lower plot). We
set J = 0.17 for the Bell states, J = 0.16 and r = 0.74 for the TWB, and used the parametrizations
introdued in Ses. III and V, respetively.
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FIG. 9: Sheme of the IPS proess.
24
0
0.1
0.2
0.5
1
1.5
22
2.2
2.4
2.6
Bη
Jr
FIG. 10: Plot of Bη for the IPS state with T = 0.9999 and ε = 1 as a funtion of J and the
TWB squeezing parameter r in the ase of ideal (i.e., η = 1) on/o photodetetion. The maximum
violation is Bη = 2.53, whih is obtained when J = 0.16 and r = 0.39.
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FIG. 11: Plot of Bη for the IPS state as a funtion of J with r = 0.39 for dierent values of T and
ε = 1 in the ideal ase (i.e., η = 1): from top to bottom T = 0.9999, 0.95, 0.90, and 0.80.
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FIG. 12: Plot of Bη for the IPS state as a funtion of J with r = 0.39, T = 0.9999, ε = 1, and for
dierent values of η: from top to bottom η = 1.0, 0.9, 0.85, and 0.8.
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FIG. 13: Plot of Bη for the IPS state as a funtion T and ε with J = 0.16, r = 0.39, and, from top
to bottom, η = 0.99, and 0.90. The main eet on Bη is due to the transmissivity T .
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FIG. 14: Plots of |Bη| for (a) the states |Ψ±〉 and (b) the TWB with r = 0.74 and η = 1. The
darker is the region, the bigger is the violation of the Bell's inequality. In the white region |Bη| ≤ 2.
J and J ′ refer to the partiular parametrization of Bη, see the text for details.
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FIG. 15: Plots of Bη in the ase of TWB for dierent η. The TWB parameter r is hosen in
order to maximize the violation of the Bell's inequality as η varies. We put (a) η = 1, r = 0.74
(Bη,max = 2.45), (b) η = 0.9, r = 0.67 (Bη,max = 2.24), () η = 0.85, r = 0.60 (Bη,max = 2.15), and
(d) η = 0.8, r = 0.49 (Bη,max = 2.07). J and J ′ refer to the partiular parametrization of Bη, see
the text for details. Sine there is symmetry with respet to the origin, we show only the region
J ′ ≥ 0.
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FIG. 16: Plot of B(max)η (α, β, α′, β′) for the Bell states. We set α = β = J and α′ = β′ = J ′ and:
(a) η = 0.9, (b) η = 0.8.
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FIG. 17: Plots of B(max)η (α, β, α′, β′) in the ase of the Bell states for dierent values of η; from top
to bottom (solid lines): η = 0.95, 0.9, 0.85, and 0.8. The dashed line orresponds to the value 2
√
2
obtained when η = 1. We set α = β = J and α′ = β′ = √11J , whih maximize B.
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FIG. 18: Plot of B(max)η (α, β, α′, β′) for the TWB with r = 0.74. We set α = β = J and α′ = β′ = J ′
and: (a) η = 0.9, (b) η = 0.8.
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FIG. 19: Plots of B(max)η (α, β, α′, β′) in the ase of the TWB with r = 0.74 for dierent values of η;
from top to bottom (solid lines): η = 0.95, 0.9, 0.85, and 0.8. The dashed line orresponds to the
value 2
√
2 obtained when η = 1. We set α = β = J and α′ = β′ = √11J , whih maximize B.
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FIG. 20: Plot of B(max)η (α, β, α′, β′) for the IPS state with r = 0.39, T = 0.9999, and ε = 1. We set
α = β = J and α′ = β′ = J ′ and: (a) η = 0.9, (b) η = 0.8.
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FIG. 21: Plots of B(max)η (α, β, α′, β′) in the ase of the IPS state with r = 0.39, T = 0.9999,
and ε = 1 for dierent values of η; from top to bottom (solid lines): η = 0.95, 0.9, 0.85, and 0.8.
The dashed line orresponds to the value 2
√
2 obtained when η = 1. We set α = β = J and
α′ = β′ =
√
11J , whih maximize B.
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